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Abstract 

We continue the investigation of notions of approximate amenability that were 
introduced in work of the second and third authors together with R. J. Loy. It 
is shown that every boundedly approximately contractible Banach algebra has 
a bounded approximate identity, and that the Fourier algebra of the free group 
on two generators is not operator approximately amenable. Further examples 
are obtained of £^-scmigroup algebras which are approximately amenable but not 
amenable; using these, wc show that bounded approximate contractibility need not 
imply sequential approximate amenability. Results are also given for Segal algebras 
on locally compact groups, and algebras of p-pseudofunctions on discrete groups. 

MSC2000: 46H20 (primary), 43A20 (secondary). 

1 Introduction 

In this article we continue the investigation of various notions of approximate amen- 
ability, initiated in [11] and continued in papers by various authors: see, for instance, 
[3 dU [211 [25]. Most of this paper is taken up with consideration of certain classes 
of Banach algebras, such as Fourier algebras, Segal subalgebras of L^{G), certain 
semigroup algebras and the algebras PFp{T) where F is a discrete group, and the 
problem of determining when such algebras are approximately amenable or pseudo- 
amenable (the definitions will be given below). 

Overview of contents 

After establishing some background definitions and notation in Section [21 we discuss 
some results for general Banach algebras. If ^ is a Banach algebra with an approx- 
imate diagonal, the forced unitization need not possess an approximate diagonal 
(for example we may take A to be with pointwise multiplication and apply [5l The- 
orem 4.1]). On the other hand, it follows from [141 Proposition 3.2] that if A has 
a bounded approximate identity and an approximate diagonal, then A^ also has an 
approximate diagonal. We present a partial extension of this result to the case of 
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multiplier-bounded approximate diagonals: namely, we show that if A has a central 
b.a.i. and a multiplier-bounded approximate diagonal, then so does A^. 

One outstanding basic question in this area is the following: does every approx- 
imately amenable algebra have a bounded approximate identity? Although we are not 
able to resolve this here, we obtain some general results (Section [3]) showing that slightly 
stronger notions of approximate amenability guarantee the existence of a bounded 
approximate identity. As a consequence we are able to show that several classes of 
Banach algebras, which might plausibly be pseudo-amenable, cannot be boundedly 
approximately amenable: these include the Schatten classes Sp for 1 < p < oo, and all 
proper Segal algebras on locally compact groups. A related argument shows that for 
any infinite compact metric space X, the Lipschitz algebra lip^{X), < a < 1, is not 
boundedly approximately contractible. 

The last four sections are largely independent of each other and can be read inter- 
changeably. Section m resolves a question from [13], by showing that the Fourier algebra 
of A(F2) is not (operator) approximately amenable. The proof uses direct manipulation 
of norm estimates, which rely on the "rapid decay" estimates known for F2 and F2 x F2. 
It then follows from known restriction theorems that whenever a locally compact group 
G contains F2 as a closed subgroup, A{G) is not (operator) approximately amenable. 

Section [5] collects some results on approximate notions of amenability for Segal 
algebras on locally compact groups. It is observed that Feichtinger's Segal algebra on 
an infinite compact abelian group is not approximately amenable. We also show that if 
S^{G) is pseudo-contractible for some Segal subalgebra S^{G) C L^{G), then G must 
be compact. It is also shown that whenever G is a SIN-group, every Segal subalgebra 
S^{G) C L^{G) is approximately permanently weakly amenable: our proof uses the 
recent solution by Losert to the derivation problem for measure algebras. 

Section [6] is devoted to the ^^-convolution algebras of totally ordered sets: when 
the sets are infinite, these algebras are never amenable. We show that these algebras 
are always boundedly approximately contractible (and in particular are boundedly 
approximately amenable), but need not be sequentially approximately amenable. This 
strengthens the observation in [12] that the convolution algebra £^{Q/\_) is boundedly 
approximately contractible but not sequentially approximately contractible. 

Finally, in Section [7| we consider the algebras of p-pseudofunctions on discrete 
groups. As a special case of the results in this section, we show that if F is a dis- 
crete non-amenable group then its reduced C*-algebra is not approximately amenable. 
This gives some evidence for the tentative conjecture that all approximately amenable 
C*-algebras are automatically amenable. Further evidence is provided by the fact that 
not only are the C*-algebras B{H) and j^^ M„(C) not amenable, but they are not even 
approximately amenable - this observation appears to be due to Ozawa, see the remark 
after Definition 1.2 in [Mj- 
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2 Preliminaries 



2.1 Definitions and notation 

Throughout, if yl is a Banach algebra we shall write A"^ for the forced unitization of 
A. The adjoined identity element will usually be denoted by 1 unless stated otherwise. 

We will frequently use vr to denote the bounded linear map A<§iA — > A that is 
specified by 7r(a ® 6) = ab (a, b £ A). 

Recall that a Banach algebra A is said to be approximately amenable if for every 
^-bimodule X and every bounded derivation D : A ^ X* there exists a net (Da) of 
inner derivations such that lime -Da (a) = D{a) for all a G A. 

A is said to be: 

- boundedly approximately amenable if the net {Da) can always be taken to be 
bounded (in the usual norm of C{A, X*)); 

— sequentially approximately amenable if we can choose the net (Da) to be a sequence. 

By the uniform boundedness principle (or a more direct Baire category argument) one 
sees that sequential approximate amenability implies bounded approximate amenab- 
ility. The converse is not in general true, as will be shown in Section [6] by combining 
Theorems 16.11 and 16.41 

A Banach algebra A is approximately contractible if for every continuous deriva- 
tion D : A ^ X, where X is a Banach ^-bimodule, there exists a net (Di) of inner 
derivations such that linii Di{a) = D{a) for all a G A. The corresponding variants of 
bounded and sequential approximate contractibility are defined in analogous fashion to 
the corresponding notions of approximate amenability. 

Remark. It is shown in \\.2\ Theorem 2.1] that the concepts of approximate contract- 
ibility and approximate amenability are in fact equivalent. However, this is not true 
for the corresponding sequential variants, and remains unknown (at present) for the 
bounded variants. 

It has proved very useful in the classical theory of amenability to have charac- 
terizations in terms of virtual diagonals or approximate diagonals. In much of this 
paper we shall work with approximate diagonals rather than nets of derivations. To fix 
terminology we recall the following definition. 

Definition 2.1. Let ^ be a Banach algebra. An approximate diagonal for A is a net 
(Mj) in A®A such that, for each a G ^, 

aMi - Mia and a7r(Mi) a . 

We say that the diagonal (Mj) is multiplier-bounded if there exists a constant K such 
that for all a G >1 and all i, each of 

\\aMi - Mia\\ , ||a7r(Mi) - a\\ and ||7r(Mj)a - a\\ (2.1) 

is bounded by K||a||. 

The following equivalence is easily verified. 
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Proposition 2.2. A Banach algebra A is houndedly approximately contractible if and 
only if A"^ has a multiplier-bounded approximate diagonal. 

We shall also make brief use of the notions of pseudo-amenability and pseudo- 
contractibility. For convenience we recall the relevant definitions from |14| . 

Definition 2.3. Let ^ be a Banach algebra. We say that A is pseudo-amenable if it 
has an approximate diagonal, and pseudo-contractible if it has an approximate diagonal 
(Mj) which satisfies aMj = Mja for all a G ^ and all i. 



2.2 Basics 



Proposition 2.4. Let S be one of the following classes of Banach algebras: approx- 
imately amenable, approximately contractible, sequentially approximately amenable, se- 
quentially approximately contractible, boundedly approximately amenable, boundedly 
approximately contractible. 

Let A be a Banach algebra. Then A ^ S if and only if A"^ G S. 

Proof. The case of approximate amenability is given by [111 Proposition 2.4], and in 
fact the proof follows the same line for all the other cases. The key points are that 
(i) every derivation from A can be extended to a derivation from such that the 
extended derivation is inner if and only if the original one was; (ii) if D is a derivation 
from A* to an ^-bimodule X, and e denotes the identity of j4*, then there is an inner 
derivation Di : A* ^ X such that {D - Di){e) = 0. □ 

Remark. Note that the proofs of "A approximately contractible <;=^ A"^ approx- 
imately contractible" and A approximately amenable <^=^> A"^ approximately amen- 
able" do not rely on the fact that approximate contractibility and approximate amen- 
ability are equivalent. 

Theorem 2.5. Let A be a boundedly approximately contractible Banach algebra. Then 
there exists a constant C > and nets {Mi) in A® A and nets (Fi), (Gi) in A such that 

(i) 7r(Mi) = Fi + G,; 
[a) aFi a for all a € A; 
(Hi) ||a-Fi|| < G\\a\\ for all a £ A and all i; 
[iv) Gitt — > a for all a G A; 

(v) ||Gja|| < G\\a\\ for all a £ A and all i; 

(vi) for all a £ A and all i, \\aMi — M^a — a iE> Gi -\- Fi <S> a\\ < C\\a\\; 
[vii) for all a £ A, aMi - MiO - a® Gi + Fi® a ^ ^. 
For the sake of completeness we give the proof. 
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Proof. Regard ^^i^A* as an A-bimodule in the usual way. Let K be the kernel of 
the product map ^4*0 A* — > A"^ and let D : A ^ K be the derivation defined by 
D{a) = a0l-l(g)a. 

Since A is boundedly approximately contractible, there exists a net (ui) in K such 
that 

C := sup sup \\aui — Uia\\ < oo 

i ||a||<l 

and aui — uia — > D{a) for all a G A. 

Identifying A*§iA* with the direct sum A§iA ®A(g)l®l(g)A®Cl(8)l,we may 
write each Ui in the form 

Ui = {-Mi) ® {Fi ® 1) ® (1 ® Gi) 

for some Mj G ^4(8) A and some Fi,Gi G j4. We shall show that the nets (Mi), (Fi) and 
(Gi) have the required properties. 

First, note that since Ui € K for all i we must have 

= 7r(ui) = -7r(Mi) + + Gi for ah i. 

Next: since 

aui - UiO = {-aMi + MiO + a (g) - Fj (g) a) © aFj (g) 1 ® (-1 g) Giu) 

and the left-hand side is bounded in norm by G||a|| for all a, we must have ||a-Fi|| < 
G||a||, ||Gia|| < C\\a\\ and 

\\aMi - Mia - a (g Gj + Fj (g a|| < C\\a\\ 

for all i and all a. 

Finally, for each a G ^ we have 

a(gl-l(ga = D{a) 

= lim ouj — Uia 

i 

= lim {{-aMi + M^a + a (g G, - (g a) © aFj (g 1 © (-1 gi G^a)) 

i 

and matching up terms we conclude that 

a = lim aFi = lim G^a and = lim aMi — Mja — a Gi + Fi (d) a 

i i i 

as required. □ 

Remark. It follows from this that every boundedly approximately contractible Banach 
algebra has a multiplier-bounded right approximate identity and a multiplier-bounded 
left approximate identity. We shall use this later, in Section [3l 

Let K denote the canonical embedding of A into A**. We have the following analogue 
of Theorem 12.51 
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Theorem 2.6. Let A be a boundedly approximately amenable Banach algebra. Then 



there 


exists a constant C > and nets (Mi) in (Ai 


%AY* and nets (Fj), (Gi) in A 


such 


that 




[V 


Tr{Mi) = ri + Gj/ 






aFi — > K{a) for all a G A; 




{in) 


ffl-fi ^ C\\a\\ for all a £ A and all i; 




(iv) 


Gitt — > K(a) for all a G A; 




(v) 


GjO < C a for all a £ A and all i; 




(vi) 


for all a £ A, supj aMj — M^a — a® Gi + 


5 a < ;■ 


(vii) 


for all a£ A, aMi - M^a - a®Gi + Fi®a^ 


0. 



We omit the proof: the argument exactly fohows the one for Theorem 12.51 



2.3 Two lemmas using approximate diagonals 

We record some lemmas here which will be used later. Both are natural adaptations of 
routine arguments from the setting of amenable Banach algebras. 

Lemma 2.7. Let B be a unital Banach algebra with identity element 1, A ^ B a closed 
subalgebra that contains 1, and suppose that there exists a tracial functional t on A 
such that t(1) = 1. If A is pseudo-amenable, then there exists a net (ipa) in B* such 
that ^a(l) 1 and 

sup \ ipa{ab — ba)\ — > for any a £ A. 

b&B 

Note that by a trivial rescaling, the net {ipa) in the conclusion of our lemma can be 
chosen such that ^/'o(l) = 1 for all a. However, the formally weaker property V'a(l) 1 
will suffice for our intended application. 

Proof. Let (uq) be an approximate diagonal for A: note that since A has an identity 
element 1, Tr{ua) — > 1- For each a we may write Ua = Yli ® df, where cf , df £ A for 
all i and ||cf || || < oo. Let t £ B* he any bounded extension of r to a functional 
on B, and define 



MS) = 




{S£B). 



Then since t is a trace on A, 




and by hypothesis r(l) = 1. 
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For fixed b G B, define a functional (pb G {A(}^A)* by 

(t)h{x®y) = T{yhx) {x,y £ A). 

By definition of the projective tensor norm, we liave \\(j)b\\ ^ WW 
Now for each a £ A, the tracial property of r gives 



^Uaa) = 4>b{ > ^ (i> ) = T ( > ^ d^abc^ ) = ^^0(06) 

and 



4>b{aua) = 4>b 

Therefore 



ac^ d,"^ = T d^bac^^ = tPa{ba 



sup {ipaio-b — ba)\ = sup |</)b(aiia — Uaa)! 

fegS,||6||<l bGB,\\b\\<l 

< \\T\\\\aUa — Uaa\\ 

for each a £ A. Thus (^a) has the required properties. □ 

Our second lemma will be needed for the proof of Theorem 16. 4[ It says, loosely, 
that the Gelfand transforms of an approximate diagonal must converge pointwise to 
the indicator function of the diagonal of the character space. 

Lemma 2.8. Let A be a Banach algebra with non-empty character space ^a, ind sup- 
pose A has a bounded approximate identity. 

If A is approximately amenable, then there exists a net (A^) G (AfSiA)** with the 
following properties: 

(i) limQ,(AQ,, (g) x) = /or any 93, x S $a with if ^ x; 

[ii) (Aa, if® if) = 1 for all a and any 93 G ^a- 

Moreover, if A is sequentially approximately amenable, we can take A^ to be a sequence. 

Before giving the proof we note that one could shorten the argument slightly by 
appealing to a modification of the proof of |14l Proposition 3.2]. However, since that 
proposition does not deal explicitly with the sequential case, which will be crucial in our 
intended application, we have chosen a more direct and only slightly longer argument. 

Proof. We shall only prove the statement in the case where A is sequentially approx- 
imately amenable (the case where we merely assume A to be approximately amenable 
is completely analogous). 

Thus, suppose A has a bounded approximate identity and is sequentially approx- 
imately amenable. Let E be any weak*-limit point in A** of the bounded approximate 
identity of A^ so that aE = Ea = Hi[a) G ^4**, k denoting the embedding of A in its 
bidual. 
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Let vr : A(§iA ^ ^ be the product map and let K = kervr; this is a sub-A-bimodule 
of A(§iA. Define a bounded derivation D : A ^ K** by D{a) = a<^E-E(^a{a£A). 
Since A is sequentiaUy approximately amenable there exists a sequence (n„) in K** 
such that a ■ Un — Un ■ a ^ D{a) for all a E A and all n. 

Define A„ = S ® - u„ E {A® A)**. We have 

(A„,99(g)93) = {^p^E)"^ - (n„,v3(g)(^) = 1 - (n„,7r*(v9)) = 1 - (7r**('u„), = 1 

for all n. Moreover, if ip and x ^-^s distinct characters on A, then there exists a ^ A 
with 99(0) 7^ xi(^)- Then 

(a • n„ - n„ • a, (/? (g) x) = (^^n, (v? ® x) • a) - (n.„, a • (v? x)) 
= - x{a)){un,^®x), 

while 

(Z)(a), (/?®x) = (a®-E^--E^®a,</'®x) = '/'(a) - x(a) 
so that, since a ■ Un — Un • a ^ D{a), 

ip{a) - x{a) = {^{a) - x{a)) lim(n„, 92 x)- 

n 

Since 93(a) — x(a) 7^ 0, this implies that 1 = lim„(ti„, (p x)-, arid so 

lim(A„, (f (g) x) = {E (g) E , (f (g) x) - lim(u„, (f ^ x) = , 

n n 

as required. □ 



3 General results 

Recall that A is approximately contractible if and only if A"^ has an approximate 
diagonal (this is [HI Proposition 2.6(a)]). 

We would like to have a better understanding of just when the presence of an 
approximate diagonal in A guarantees an approximate diagonal in A"^ , and to obtain 
corresponding results for multiplier-bounded approximate diagonals. Note that by 
combining the proof of {ii) {iii) in [14^ Proposition 3.2] with (3) =^ (1) of [12^ 

Theorem 2.1], we obtain the following result. 

Proposition 3.1. Let A he a Banach algebra which has a bounded approximate identity 
and an approximate diagonal. Then A is approximately contractible, and so A"^ has an 
approximate diagonal. 

A natural hope is that the result just stated remains true if we replace 'approx- 
imate diagonal' with 'multiplier-bounded approximate diagonal'. We have been unable 
to verify this: the problem seems to be that while approximate amenability implies 
approximate contractibility, it is not known if bounded approximate amenability implies 
bounded approximate contractibility. The following result gives some partial answers. 
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Proposition 3.2. Let A be a Banach algebra with a central b.a.i. {e\)\(z\. Suppose 
that A has a multiplier-bounded approximate diagonal {Mi). Then A"^ has a multiplier- 
bounded approximate diagonal, and so A is boundedly approximately contractible. 

Proof. Throughout we denote the adjoined unit of A* by 1, and the Hnearized product 
map — > A"^ by vr. We shall abuse notation and also use vr to denote the 
restricted map A^A A. 

We shall construct a net in ^^0^4* and a constant K > such that: 

||7r(nj) - 1|| < and ||6 • Uj - Uj ■ b\\ < K\\b\\ for ah 6 G A and all j; (3.1) 

and 

lim7r(nj) = 1 and lim(6 • Uj — nj ■ b) = for all 6 G ^ and all j. (3.2) 

j j 

If these properties are satisfied, it is then straightforward to show that the net (nj) has 
the required properties in Definition 12.11 

By hypothesis there exist constants C and Ki such that \\ex\\ < C for all A and 
such that, for all a G A and all i, 

||a7r(Mj) — a\\ and \\a ■ Mi — Mi ■ a\\ are < -ftri||a||. (3-3) 

Moreover, for any a G A, we have 

lima7r(Mj) = a and lima • - Mj • a = 0. (3.4) 

i i 

To simplify the ensuing formulas slightly, we let ux := 2e\ — e\ for each A: note 
that ttA + (1 — e\f = 1 and \\u\\\ < 2C + C^, for all A. We now set 

mx,i := ux ■ Mi + (1 - ex) ® (1 - ex), (3.5) 

so that 

Trimx^i) = ux-K{Mi) + 1 - ux- (3.6) 

Let Z and A be the index sets for the nets (Mj) and (e^), respectively. We construct 
the required net {nj) using an iterated limit construction (see page 26 of [l9]). Our 
indexing directed set is defined to be J = A x J^^^^T, equipped with the product 
ordering, and for each j = (A, f) £ J we define nj = mxj{\)- 

Fix A and i. Using (j3.3p and (j3.6p gives 

h{mx,i) - 111 = Wux-^iMi) -ux\\< KiWuxW < Ki{2C + C^) . 
Also, since each ex lies in the centre of A, we have for any b £ A the identity 

b-mx,i-mx,i-b = uxb-Mi-ux-Mi-b+{b-bex)^{l-ex)-{l-ex)(^{b-bex). (3.7) 
Using (j3.3p again gives 

||6 • mx,i - mx,i ■ b\\ < \\ux\\\\b ■ M, - M, ■ b\\ + 2\\b\\ \\1 - exf < {CKi + 2(1 + C)2)||6|| 

for any b £ A. Since A and i were arbitrary, we have shown that (j3.ip holds with, say, 
K = 2{1 + Ki)il + C)\ 
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It remains to show that (j3.2p holds. Using (j3.4p and (j3.6p we have, for every A, 
hm7r(mA.i) = hmnA7r(Mj) + 1 - = 1; 

i ' i 

hence, by \19\ Theorem 2.4], 

hm7r(nj) = Hmhm7r(mAi) = 1. 

j X i ' 

Using (|3.4p and (j3.7p we have, for every A, 

hm6 • mx^i - mx^i ■ b = -{b - hex) ® (1 - ca) + (1 - ex) (6 - ^ca) ; 

i 

therefore, since (ca) is a bounded approximate identity for A, applying \19\ Theorem 2.4] 
we obtain 

lim(6 • Uj — rij ■ bj) = lim lim(& • mx i — rnx i ■ b) = 0. 

j X i ' ' 

Thus (j3.2p holds and our proof is complete. □ 

Remark. The result is false if we do not require the central approximate identity in A 
to be bounded: an example is given by ^^(N) equipped with pointwise multiplication 
([3 Theorem 4.1]). 

It is still open whether an approximately amenable Banach algebra must have a 
bounded approximate identity. If this were the case then one could extend many 
of the known hereditary properties of amenability to hold for approximate amenab- 
ility. All presently known examples of approximately amenable Banach algebras have 
a bounded approximate identity. In addition, all known examples of approximately 
amenable Banach algebras are in fact boundedly approximately contractible. 

These last two observations are connected by the following result: every boundedly 
approximately contractible algebra has a bounded approximate identity (Corollary 13.41 
below). We are able to prove a slightly stronger technical result, that allows us to rule 
out bounded approximate amenability for several classes of Banach algebras. 

Theorem 3.3. Suppose that the Banach algebra A is boundedly approximately amen- 
able, and has both a multiplier-bounded left approximate identity and a multiplier bounded 
right approximate identity. Then A has a bounded approximate identity. 

Proof. Let (cq,) and (/^) be, respectively, right and left multiplier-bounded approximate 
identities for A, so that there exists a constant K > such that 

llacall < /^||a|| and ||//3a|| < ^Wo-W foi^ all a E A and all a,/3. 

From this we obtain the following estimates: 

(i) • m\\ < and \\m ■ ea\\ < i^||m||, for every m G A^A and every a,/3; 

(ii) \\fi3 • r|| < i^||r|| and ||r • e„|| < i^||r||, for every T G {A§A)** and every a, 13. 
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(The first pair of estimates follows easily from the definition of the projective tensor 
norm. The second pair follows from the first pair using Goldstine's theorem and the 
weak* -continuity of the actions of A on (^(8)^)**.) 

Let (Fj), (Gj), (Mj) and C be the nets (respectively, the constant) satisfying (ii)- 
(vi) of Theorem 12.61 

Suppose that the net (/^) is (norm) unbounded. We derive a contradiction as 
follows. For every i and every /3 we have 

11/^ .Mi-Mi- ff,-f^^Gi + Fi0f^\\< C\\f(,\\ , 

and so by (ii) above, we have 

Wifp .Mi-Mi- fp- fp®Gi + Fi® fp)e^\\ < KCWfpW , (3.8) 

for every a, (3 and i. 

Using the triangle inequality and the left multiplier-boundedness of the set {//j}, 
from (j3.8p we have 

\\fMG^ ■ < KCWfpW + Wfp - (M, • e„)|| + ||M, • (/^e„)|| + ||F,||||/^e„|| 
< i^C||/^|| +i^||Mi • e<,|| +i^||Mi||||e<,|| + K||Fi||||e„|| , 

for every a, /3 and i. Hence 

||Gi-e„|| <i^C+^(||Mi-e„|| + ||Mi||||e„|| + ||Fi||||e„||) , (3.10) 
for every a, (3 and i. 

For fixed a and i, combining (IS.lOh with our assumption that {//3} is an unbounded 
set yields - e^W < KC. Taking limits with respect to i, we then obtain lle^ll < KC 
for each a. But since (e^) is a right approximate identity and (/-y) is a left-multiplier 
bounded set, we obtain 

||L|| =lim||/^e„|| <limi^||e„|| <K'^C, 

a a 

for all 7. This contradicts our assumption that the net {ffj) is unbounded. 

A similar argument, with left and right interchanged, shows that the net (e^) is 
also bounded; the existence of a bounded approximate identity is now standard. □ 

Corollary 3.4. Let A he houndedly approximately contractible. Then A has a bounded 
approximate identity. 

Proof. This is an immediate consequence of Theorem 13.31 since by Theorem 12.51 every 
boundedly approximately contractible Banach algebra has a right and a left multiplier- 
bounded approximate identity. □ 

Corollary 3.5. Suppose that A and B are houndedly approximately contractible Ba- 
nach algebras. Then the direct sum A® B is houndedly approximately contractible. 

Proof. This follows from the proof of jlll Proposition 2.7] and Corollarv 13.41 □ 
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The following result is similar to Theorem 13.31 but seems not to imply it nor be 
implied by it. 

Proposition 3.6. Suppose that the Banach algebra A is boundedly approximately 
amenable. Let S be a subset of A which is (left and right) multiplier bounded, i.e. for 
some K > 0, we have \\sa\\ < K\\a\\ and \\as\\ < K\\a\\ for all a G A, s € S. Then S is 
norm bounded. 

Proof sketch. Arguing as at the start of the proof of Theorem 13. 3^ we note that for 
every s £ S: 

(i) ||s • ?Ti|| < and \\m ■ s\\ < K\\m\\, for every m G 

(ii) \\s ■ T\\ < K\\m\\ and ||r • a\\ < K\\a\\, for every T G (A%A)**. 

Suppose that 5 is (norm) unbounded, so that there exists a sequence (sn) in S with 
\\sn\\ — > OO. Then we may argue as in the proof of Theorem 13.31 replacing Cq with Sm 
and fi3 with Sn in Equations (I3.8p - (l3.10p . to show that the net (sm) is bounded, giving 
us a contradiction as before. Hence S is (norm) bounded as claimed. □ 

Examples 3.7. The following algebras have multiplier-bounded approximate identities 
but have no bounded approximate identities. 

(a) co{uj), the space of all sequences such that Iflnl^^n 0, equipped with pointwise 
multiplication, where lim„a;„, = -|-c«. 

(b) f{n 

mini '^)) the weighted convolution algebra of the semilattice Nmiin 

where lim^ oJn = 

oo. 

(c) The Schatten ideals Sp{H) (H a Hilbert space) where 1 < p < oo. 

(d) The Fourier algebras of weakly amenable, non-amenable groups (see [6] for the def- 
inition and examples). 

(e) Proper symmetric Segal subalgebras (in the sense of Reiter |27j ) of L^{G). 

It therefore follows from Theorem l3.3l that none of the above algebras can be boundedly 
approximately amenable. 

Remark. It has recently been shown (H. G. Dales and R. J. Loy, private communica- 
tion) that the algebras of Example IS.Tf b) are not even approximately amenable. 

We can exploit Corollary 13.41 further to show that certain unital Banach algebras 
are not boundedly approximately contractible. 

Corollary 3.8. Let X be an infinite, compact metric space and letO <a<^. Then 
the Lipschitz algebra lip^(X) is not boundedly approximately contractible. 

Proof. Since X is infinite and compact it contains a non-isolated point, xq say. Let M = 
{/ G lip„(X) : f{xo) = 0}: then M* ^ Upai^). If liPa(^) were boundedly approx- 
imately contractible, then by Proposition l2.4I M would also be boundedly approximately 
contractible, and hence by Corollarv 13.41 would have a bounded approximate identity. 
By Cohen's factorization theorem, this would imply that = M, which is easily seen 
to be false by considering the function f : x i—>- d{x,xo)^ where a < P < 2a (see also 
the remarks at the end of [l]). □ 
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4 A(F2) is not approximately amenable 



Let F2 denote the free group on two generators. It was observed in [131 Remark 3.4(b)] 
that ^(F2) is pseudo-amenable. In this section we shall show that it is not approx- 
imately amenable; indeed, we prove the formally stronger result that A(F2) is not 
even operator approximately amenable. Our techniques are based on direct estimates, 
exploiting the fact that the norm in A(¥2 x F2) majorizes a certain weighted i^-novm. 
Some consequence for Fourier algebras of more general groups will be given at the end 
of the section. 



Background material 

We state the required definitions and basic properties in the setting of discrete groups, 
since we will eventually specialize to F2: some hold in greater generality, but we shall 
not discuss this here. 

Let r be a discrete group and Coo(r) the space of compactly supported functions 
on r. The Fourier algebra A{T) can be defined as the completion of Coo(r) with respect 
to the norm 



^(r) 



inf{||C||2l|r?||2 : r/ G ^^(r) ; / = C * ??} (/ G Coo(r)). 



Let A : f{r) B{e'^{T)) denote the (faithful) left regular representation of f{T) 
on ^^(r). The WOT-closure of the image of A is the von Neumann algebra of F, and 
will here be denoted by VN(T). We can identify A(T) with the predual of the group 
von Neumann algebra VN(r): the pairing between the two satisfies 

(A(r), f) = Y, ng)f{g) (/ G ^(F), T G C7oo(F)), 
from which the following is immediate. 

Lemma 4.1. For every f G A(T) and every T G Coo(F) we have 



x&G 



<ll/IU(r)l|A(r)|| 



The norm on A(T) is in general hard to describe, but there are easy upper and 
lower bounds, which we record as a lemma for later reference. 

Lemma 4.2. ^^(F) C ^(F). Moreover, 

||/|loo<ll/IU(r)<ll/ll2 forallfefiT). (4.1) 
For sake of completeness we give the proof. 

Proof. If / G ^^(F) then / = f * 5^, where e is the identity element of F : this proves 
the second inequality in (j4.ip . 
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Suppose that ^,r/ G £^(r) satisfy / = C * ^- Let 17 be the element of £^(r) that is 
defined by fi{t) = r/(t-i), t G T. Then, given x £T, let L^, : ^^(r) £'^{T) denote the 
operator of left translation by x, and note that 

fix) = e * r?(x) = ^ mvit-'x) = ^ e(^-'s)r?(5-i) ^ ^^^^^ 

so that < ||-^>xCll2ll^ll2 ~ Il?ll2ll^ll2- Taking the supremum over all x G F and 

the infimum over all pairs rj) which 'represent' /, we obtain the first inequality in 

CT- □ 

The following definition seems to have first appeared explicitly in |13| . 

Definition 4.3. Let ^ be a quantized Banach algebra. We say that A is operator 
approximately amenable if, for each quantized Banach yl-bimodule X, every completely 
bounded derivation A X* is approximately inner. 

Clearly, if ^ is a quantized Banach algebra which happens to be approximately 
amenable, then it is operator approximately amenable. 

The following is a 'quantized' version of one direction of [5j Proposition 3.3], spe- 
cialized to the cases of interest. 

Proposition 4.4. Let T be a discrete group and suppose that A{T) is operator approx- 
imately amenable. Then for every finite set S C A(r) and every e > 0, there exists 
F G coo(r X r) such that 

• \\a ■ F - F ■ a - afS) 7r(F) + 7r(F) aH^^p^p^ < e 

• ||a-a7r(F)||^(p) <e 
for every a G S". 

For convenience we give a brief outline of how Proposition 14.41 follows from existing 
results. 

Proof sketch. We use ®op to denote the operator projective tensor product of two 
operator spaces. Since A(T) is a quantized Banach algebra, A(r)'^(K)op^(r)'^ is a 
quantized Banach ^(r)-bimodule. Let K be the kernel of the (surjective, completely 
bounded) product map A{T)*^opA{T)* A{T)*: then K and hence K* are also 
quantized Banach j4(r)-bimodules. 

Let D : A{T) K** be the completely bounded derivation defined by D{a) = 
a®l — I'S'a (aG A(T)). Since K** is the dual of a quantized Banach A(r)-bimodule, 
by hypothesis D is approximately inner. Therefore, by combining the proofs of |1H 
Corollary 2.2] and O Proposition 2.1], we obtain the following: for any finite subset 
S C A{T) and any e > 0, there exists F G ^(F) A{T) and u,v £ A{r) such that 

(1) \\a-F-F-a + u0a-a(g) ^^[[^(Dg^pACr) < 

(2) \\a — aull^^p^ < e and \\a — vaW^j^^) < ^■ 

By results of Effros and Ruan [5], the operator projective tensor norm on A{T) ® 
A{T) coincides with its norm as a linear subspace of A{T x F). The rest of the proof 
now follows [H Propositions 2.3 and 3.3] and we omit the details. □ 
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Specializing to F2 

Notation. If t G F2 then we denote by |t| the word length of t, with the convention 
that the identity element has length 0. For each n G let 

S(n) := {t G F2 : \t\ = n} (4.2) 

Elementary calculations show that for each n G N 

|S(n)| =4-3"-^ . 

The following Sobolev-type estimate, which we state without proof, is crucial for 
the argument to follow. It is a special case of [26^ Theorem 1.1], and as such really 
belongs to the province of geometric group theory. 

Proposition 4.5. Fix m,n G N. Let T G Coo(F2 x F2) be supported on S(m) x S(n). 
Then \\\{T)\\ < {m + l){n + 1)\\T\\^ . 

Corollary 4.6. Let F g A{¥2 x F2). Then 

1/2 



|i^lU{F2XF2) > sup — — 



' \x€S{m)y&{n) / 



Proof. This is a routine deduction from Proposition [531 using duality. Let (m, n) G 

and let Tm,n G C'oo(IF'2 x F2) be defined by 



Then by Proposition 14.5 



(m + 1)"^ (n + iy^F{x, y) if 2; G S(m) and y G S(n) 

otherwise. 



\\KTm,n)\\ < I Yl 

. (x,3/)e§(m) xS(n) 



1/2 

|2 



and since 

\F{x,yf 



^ F{x,y)Tm,n{x,y) 



(m + l)(n + 1) 



applying Lemma 14.11 completes the proof. □ 
Proof that A{¥2) is not operator approximately amenable 



We start with some notation. In view of the lower bound (j4.3p . we introduce the 
following norm on coo(F2 x F2): given H G coo(F2 x F2), let 

1/2 

1 / _ _ „ \ 

I^Lxa. = sup 



m,n>0 + 



' \x&{m)yeS{n) ) 
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For each n G N, we fix a partition of S(n) into two disjoint subsets A(n) and B(n) 
of equal cardinality, so that 



A(n)| = |B(n)| = 




We also fix a sequence (7n)n>i of strictly positive reals, such that 

^7'|S(n)|<oo (4.4) 

n>l 

(the 7„ will be chosen later with appropriate hindsight). Now define elements a and b 
of £^{¥2) by 

a:=^7mlA(m) , b :=^jniB(n) ■ (4-5) 

m>l n>l 

Finally, let eo > 0, ei > 0. 

Suppose that A{¥2) is operator approximately amenable. Applying Propo- 
sition [53] with S = {a,b} and using the lower bounds from (j4.ip and (|4.3p . we obtain 
F e coo(F2 X F2) such that, if we set u = tt{F) G 000(^2): 

||a — tia||^<e and ||6 — nftllg^ < e ; (4-6) 



\\a-F — F-a — a(^u + u(d ^ILxlj — ^ > (4.7a) 
\\b- F - F ■b-b0u + u^b\\^^^<£. (4.7b) 

For the moment we shall ignore the relations (|4.6p . and work exclusively with the 
information given by (|4.7ap and (|4.7bp . Our task will be simplified by the fact that we 
have chosen the functions a and b to have 'large' yet disjoint supports (this theme, if 
not the actual calculations, is inspired by the proof of [51 Theorem 4.1]). 

Remark. It is worth noting that, since a and b are fixed in advance of F, both (|4.7ap 
and (l47bl) can always be satisfied by taking F to be of the form clwxw for some c S C 
and some suitably large, finite subset C F2; hence we will need to use (14. 6p at some 
point if we are to obtain the required contradiction. 

Our task would be simplified if we furthermore assume that F is constant on sets 
of the form S(m) x §(n), and indeed the calculations that follow are motivated by this 
special case. The key step is contained in the following proposition. 

Proposition 4.7. For each k ef^ let 

^^^^ WkVl ^ "'^'^ ^^^^ WkM ^ ^^'^^ 

Then for every m, n S N we have 

\A{m)\'/'\B{n)\'%{rri) - h{n)\ < (m + l)(n + 1)(7-^ + 7n (4-8) 
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and 

|B(n)|^/M Yl Wix)-gim)n < {m + l){n + + -f~')ei (4.9a) 

|A(m)|i/2 5] \n{y)-h{n)f\ < (m + l)(n + 1)(7-^ + 7n (4.9b) 

For our proof we need a technical lemma, whose essential content is well-known, 
but is stated here for convenience. 

Lemma 4.8. Let \, J he finite index sets and let Ci,dj G C for all i & I and all j £ JJ. 
Let ^ ^ 

•= ^ 2^ "''^ •= ^ • 

Then 

I I l-^l iei jej I I iei 1*^1 jeJ 

Proof sketch. One can prove this by direct calculation. Alternatively, we can use the 
language of probability theory, as follows. If X and Y are independent complex- valued 
random variables defined on a common finite probability space (in this case, I x J) then 



E\X - Yy = E(X - Y){X - Y) 

= Exx - (ex)(eF) - (EX)(Ey) + Eyy 

= (EX - WYf + E|X|^ - |EX|^ + E|y|^ - \&Y\^ 

We also have 

E|X - EX|^ = E(X - EX)(X-EX) = E|X|^ - |EX|^ , 

^ 1 2 I 1 2 1 2 

and similarly Ejl" — WY\ = E|y| — |Ey| . Taking X to be the random variable 
(i, j) I— > Cj and y to be the random variable (i, j) i-^ dj, the proof is complete. □ 

Proof of Proposition \4. 7| . Equation (j4.7ap implies that 

(^ + 1)2(^ + 1)2^2 > \{a{x)-aiy))Fix,y)-aix)uiy) + aiy)u{x)\^ 

> ^ \{a{x) - a{y))F{x,y) - a{x)u{y) + a{y)u{x)\'^ 

xeA{m),yeB{n) 

= ^ ^ \a{x)F{x,y) - a{x)u{y)\'^ 

xeA{m) s/eB(n) 

5] |F(x,y)-n(y)|^ 

x£A{m) j/GB(n) 



7^ 
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Therefore 

(m + l)(n + l)ei >7^ ^ ^ \F{x,y) - u{y)f \ . (4.10a) 

\x£A(m.) J/GB{n) / 

Similarly, using Equation ()4.7bp instead of (|4.7ap . we have 

(m + l)(n + l)ei > I ^ |-6(y)F(x, y) + 6(yHx)|' 



\ xeA(m) j/GB(n) 



(4.10b) 



Hence, by using the triangle inequality for the 2-norm on £^(A(m) x B(n)), we see that 
M.lOal) and (|4.10b[) together imply 

("^ + l)(n + l)(7;;'+7n')ei> [ E E • (4-11) 



The desired estimates ([48]), fjiroa and (f49bl) now follow by applying Lemma 14.81 
to diTT]) . □ 

We now show that by fixing our sequence (7^) appropriately, we can force g to 
be "slowly varying at infinity", and play this off against the fact that g has finite 
support (since u does). For each n, take ■= n~^\S{n)\~^^'^ (this certainly satisfies 
the condition in (j4.4p ). If we substitute this into the estimate (j4.8p and take m = k, 
n = k + 1 we get 

|A(/c)|^/2|g(^^-^)|l/2|^^^^_^^^^^^| 

< e{k + l){k + 2) (A:|§(A;)|^/2 ^ ^ ^^jg^^ ^ ^)|i/2^ 
<e{k + 2fi\Eik)\'/^ + \S{k + l)\'/^) ■ 
and since |A(n))| = |B(n)| = ^|§(n)| = 2 • 3"~^ , we find that 

9 '?{'=-l)/2 I O Qfc/2 

\g{k) - h{k + 1)1 < e{k + 2f 3(,„i)/t 3/^/2 = (1 + ^) ^(^ + 2)' 3-^/2 . 
On the other hand, taking m = n = k + lm ()4.8p . an exactly similar argument gives 

\g{k + l)-h{k + l)\<2 e{k + 2)^ 3-^/^ , 
and we thus obtain the estimate 

\g{k + 1) - g{k)\ < he{k + 2)^ S'^^/^ . (4.12) 
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By the comparison test, the infinite sum X]fc>i(^+^)"^3~'^''^ converges, with value M 
say. Moreover, since u has finite support, there exists N > 2 such that g{j) = h{j) = 
for all j > N . Hence, using (j4.12p . we get 



\g{l)\=\g{N)-g{l)\<Y,\g{k + l)-g{k)\ 

(4-13) 

< he^{k + 2f-i-^/'^ < 5Me . 

Now observe that, by (|4.6p . 



fc=o 



e > ||a — an|| > max \a{x) — a{x)u{x)\ = - max |1 — u{x)\ . 

x-eA(l) 2 a;eA(l) 

Let x,y be the two elements of A(l). Then the estimate just given implies that 

2e > 1 (|1 _ u{x)\ + |1 - n(y)l) > 1|2 - u{x) - u{y)\ = |1 - ^(l)! , 

and combining this with (|4.13|) . we finally arrive at 

1 < |1 - 5(1)1 + \g{l)\ <2e + 5Me . 

As M is, by definition, independent of e, we obtain a contradiction by taking e to be 
sufficiently small. Hence our assumption that ^(F2) is operator approximately amen- 
able must be false, and the proof is complete. □ 



Corollary 4.9. Let G be a locally compact group, into which ¥2 embeds as a closed 
subgroup. Then A{G) is not operator approximately amenable. 

Proof. The hypothesis on G ensures that the restriction homomorphism A{G) ^(^2) 
is completely bounded and surjective ([HI Theorem la]), hence a completely bounded 
quotient homomorphism. If A{G) were operator approximately amenable, then A(F2) 
would be also, since operator approximate amenability is inherited by completely 
bounded quotients. This gives a contradiction. □ 

Remark. Let G be a discrete group. If G is amenable, then A{G) has a bounded 
approximate identity (Leptin's theorem), and so is approximately amenable by the 
arguments of [13] . 

Note also that there are discrete groups which are non-amenable yet contain no copy 
of F2: Ol'shanskii's groups, or Burnside groups of sufficiently large rank and exponent. 
So any attempt to prove that approximate amenability of A{G) implies amenability of 
G must use different, or additional, methods. 



19 



5 Results for Segal algebras 



Following on from Example I3.7r e) above, we give some results on other notions of 
approximate amenability in the setting of Segal algebras. 

Let G be a locally compact group with a left-invariant Haar measure A. Throughout 
this section, S^{G) denotes a Segal subalgebra of L^{G) (in the sense of Reiter [27]). 
We have already seen that {G) is boundedly approximately amenable if and only if 
it is equal to the whole of L^{G) and G is amenable. For Feichtinger's Segal algebra 
(see [28] for the definition) on a compact abelian group we easily obtain the following: 

Proposition 5.1. The Feichtinger algebra on an infinite compact abelian group is not 
approximately amenable. 

Proof. When G is compact and abelian, the Feichtinger algebra on G is 

So{G) = {/ = E ^7X7 : 11/11 = E 1^7! < 00} , 
■yeG 

where X7 is the character of G associated with 7 G G. Hence, 

So{G)^i\G), 

where the right-hand side is equipped with the pointwise product. But i^{S) is not 
approximately amenable if S is an infinite set, due to [5l Theorem 4.1]. So So{G) is 
not approximately amenable. □ 



It has been shown in [14] that a Segal algebra on a compact group is pseudo- 
contractible. The converse is also true and is a consequence of the next proposition. 

Proposition 5.2. // there is N £ S\G)(^S\G) such that 7r(N) / and / • N = N • / 
for f S S^{G), then G is compact. 

Proof. Let l: S^{G) L^{G) be the inclusion injection. Then the following diagram 
commutes: 

S\G)^S\G) — L\G)^L\G) 



TT 



TT 



S{G) L\G) 

i 

Let N G S^{G)®S^{G) be such that ^(N) / and / • N = N • / for / G S^{G). Let 
M = i® G L^{G)®L^{G). We have / • M = M • / for all / G Li(G), and therefore 
II - M = M ■ n {jj. e M{G)). In particular, M = 5^-i ■ M ■ 6^ {x G G). Let K be any 
compact subset of G x G. If we regard M as a function in L^{G x G), then 

\M{s,t)\dsdt = / \5^-i ■ M ■ 5:^{s,t)\dsdt 

K Jk 

A{x)\M{s,t)\dsdt, 

(x,e)K(e,x-^) 
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where {x,e)K{e,x ^) denotes the set {{xs,tx ^) : (s,t) G K}. Given e > 0, let 
R C G X G he a compact set such that 



If G is not compact, then there is x G G such that {x,e)K{e,x ^) C G x G\R and 



We then have Jj^\M{s,t)\dsdt < e. This imphes that Jj^\M{s,t)\dsdt = for all 
compact K €GxG. Therefore M = in L^{G)^L^{G). On the other hand, 7r(N) / 
in S^{G) and hence 7r(M) = /,7r(N) / in L^{G), a contradiction. Thus, G must be 



Remark. Proposition 15.21 holds with S^{G) replaced by any Banach algebra B which 
admits a continuous injective homomorphism B L^iG) whose range is dense. There- 
fore, if such a B exists and is pseudo-contractible, G must be compact. 

Combining Proposition 15.21 and |141 Theorem 4.5], we then have a characterization 
of a compact group. 

Theorem 5.3. The following are equivalent for a locally compact group G. 
{i) The group G is compact; 

(ii) there is a Segal algebra on G which is pseudo-contractible; 
(Hi) all Segal algebras on G are pseudo-contractible. 

(A different proof of the part "(ii) =^ (i)" can be seen in |29|.) 

It is natural to ask for an analogous characterization of amenability of G in terms 
of approximate amenability or pseudo-amenability of Segal algebras on G. First we 
recall some material from the theory of abstract Segal algebras. 

A dense left ideal B of a Banach algebra {A, \\ ■ ||^) is called an abstract Segal algebra 

in A, or simply a Segal algebra in A, with respect to some norm || • ||g if it is a Banach 

algebra with respect to the norm || • ||^ and if < \\b\\g {b ^ B) ^ [22]. It was 

shown in [22 that if i? is a Segal algebra in A, then the mapping J ^ J is a bijection 

from the set of all closed right (two-sided) ideals in B onto the set of all closed right 

(two-sided) ideals in A and the inverse mapping \s I ^ I r\ B, where for a set J C -B 
j\ 

the notation J stands for the closure of J in A. The same machinery as in \12\ 
Proposition 2.7] yields the following: 

Proposition 5.4. Let B be an abstract Segal algebra in a Banach algebra A, let J be 

j\ 

a closed ideal of B and let I = J . 

(i) Suppose that A and J both have right approximate identities. The I has a right 
approximate identity. 




GxG\R 



A{x) < 1. So 




compact. 



□ 
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(ii) Suppose that B and I both have right approximate identities. Then J has a right 
approximate identity. 

Since we only need part (i) of Proposition 15.41 we shall give an independent proof 
of (i), which is more direct in the sense that it avoids the duality machinery of [22]. 

Proof. Let F C / be a finite subset, and let e > 0. It suffices to find s £ I such that 
maxy^F \\ys - vWa < 

Since A has a right approximate identity, there exists u £ A with maXy^F \\yu — u\\j^ < 
e/2. Therefore, since B is dense in A, there exists u' £ B such that max^gi? \\yu' — y||^ < 
e/2. 

Since / is a right ideal and B is a left ideal in A, yu' £ I f] B = J for every y £ F. 
Therefore, as J has a right approximate identity, there exists w £ J such that 

Wyu'w — yu'W^ < e/2 for all y £ F. 

Let s = u'w. since w £ J C I and / is also a left ideal, we have s £ I; and for every 

\\ys - y|U < Wyu'w - yu'W^ + \\yu' - y\\^ 

< Wyu'w - yu'W B + Wyu' - y|U < e/2 + e/2 = e 

as required. □ 

Remark. Part {ii) of Proposition 15.41 can also be proved by direct e-6 arguments, 
similar to the ones just given; again, the duality machinery from [22] can be bypassed. 

Theorem 5.5. If S^{G) is approximately amenable or pseudo-amenable then G is an 
amenable group. 

Proof. Let Iq = {f £ L^{G) : J^f{x)dx = 0} be the augmentation ideal in L^{G), 
and let J = Iq n S^{G). Then J is a codimension-1 two-sided closed ideal in S^{G). If 
S^{G) is approximately amenable or pseudo-amenable, then J has a right approximate 
identity by Corollary 2.4] and |14[ Proposition 2.5]. By Proposition I5.4l fi) . Iq must 
also have a right approximate identity. This implies that G is amenable due to [301 
Theorem 5.2]. □ 

Remark. We do not know whether there is a Segal algebra S^{G) that is approx- 
imately amenable and that is not identical with (G) . Whether a Segal algebra on an 
amenable group is always pseudo-amenable is also open. Partial results can be found 
in 



We now turn to results that do not depend on amenability or compactness of G. 
While L^{G) is weakly amenable for every locally compact group G, the same need 
not be true for Segal algebras unless G is abelian. Following on from results in [9l 
[To] on approximate weak amenability of Segal algebras, we now look at approximate 
permanent weak amenability. 

Recall from [1] that a Banach algebra A is said to be n-weakly amenable if every 
continuous derivation from A into the nth dual space A^"^ is inner. A is permanently 
weakly amenable if it is n-weakly amenable for all n £N. 
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It was shown in [3] that every C*-algebra is permanently weakly amenable, and that 
every L^{G) is n- weakly amenable for all odd, positive integers n. In [18] B. E. Johnson 
proved that for every free group G, the group algebra i^{G) is n- weakly amenable for 
all even, positive n. Combined with [H Theorem 4.1], this shows that for such groups, 
i^{G) is permanently weakly amenable. In an unpublished paper Johnson also showed 
that for any discrete word-hyperbolic group, the group algebra is permanently weakly 
amenable. 

In fact, for any locally compact group G, L^{G) is permanently weakly amenable. 
Our proof relies heavily on the following result, proved recently by Losert. 

Theorem 5.6 ( |23l Theorem 1.1]). Let G he a (discrete) group and X a locally com- 
pact space on which G has a 2-sided action by homeomorphisms. Then any bounded 
derivation D : G ^ M{X) is inner. 

(The statement in |23j refers only to those X with a left action; however, by standard 
arguments of Johnson one can reduce the 2-sided case to the 1-sided case, see e.g. \n\ 
§2].) 

Proof that (G) is permanently weakly amenable. In light of it suffices to show that 
L^{G) is 2n-weakly amenable for all n G N. 

Let D : L^{G) L^(G)''^"^ be a continuous derivation. By the techniques of [171 
§l.d] D extends to a derivation D : M{G) — > L'^(G)''^"\ where the measure algebra 
M[G) acts on L^(G)''^"^ through dualizations of its action on L}{G). 

Now L-^(G)''^"^ is isomorphic, as an M(G)-bimodule, to M{X) for some compact 
space X. The action of point masses on M{X) is equivalent to an action of G on M(X); 
and g i— > D{6g) is a bounded derivation from G into M{X). Hence by Theorem 15.61 this 
derivation is inner, and this suffices for us to conclude that D : M{G) L^(G)^^"'* is 
inner, by w*-continuity of D. □ 

Theorem 5.7. Let G be a locally compact SIN group and let S^{G) be a Segal algebra 
on G. Then S^{G) is approximately permanently weakly amenable (i.e. for each n G N, 
every continuous derivation S^{G) — > S'^(G)''"^ is approximately inner). 

Note that the case "n = 0" was proved in [HI Theorem 2.1(i)] under the extra 
hypothesis that our Segal algebra is symmetric. 

Proof. Since G is SIN, it follows from the results of [20] that S^{G) has a central 
approximate identity (e^) which is bounded in the L^-norm. 

Let n G N and let D : S^{G) S^{G)^^^ be a continuous derivation. Our approach 
is to construct from D a net of continuous derivations L^{G) — > L^(G)^"\ so that we 
can appeal to Theorem 15. 6i 

The properties of (cj), together with the derivation property of D, imply that 

D{S'^{G)) C Xn := Ma • 5^(G)^"^ -b : a, 6 G S^{G)}. 

Moreover, (e^) is a two-sided, multiplier-bounded, central approximate identity for X^- 
In particular 

\\uiel-D{f) = D{f) {feS\G)) (5.1) 
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where the hmit is taken in the norm topology of S^{G)^"'\ 

For each i, define a continuous hnear mapping Tj : L^{G) S^{G) by 

nif) = f*e, {f^L\G)) 

and let 9 : S^{G) L^{G) denote the (continuous) inclusion map. Both Xj and 9 
are left L^(G)-module morphisms and are also S'^(G)-bimodule morphisms. Clearly, 
Ti^if) = f * for / S S^{G); so by induction, for each n G N the map {Ti9)^'^^ : 
^ S^G)^"^ satisfies 

. \ F ■ ei if n is even , i , , , 
(t,0)W(F)= I . {FeS\G)). 

\ ei ■ r II n IS odd 
Define : L^{G) L1(G)(") by 

f \D(f *ei)- f ■ Dici)] if n is even 
ir/")[Z)(e,*/)-D(e,)-/] if n is odd 
Then Aj is a continuous linear map, and for / G S'^(G) we have 

f • ei) if n is even 

Ai(/) = J , , (5.2) 
\Tp{ei-D{f )) if n is odd. 

Since ej is central, it is straightforward to verify using ()5.2p that Ai{f*g) = f ■ Ai{g) + 
Ai(/) • 5 for all f,g£ S^{G). Therefore, since S^{G) is dense in L^{G), it follows that 
Aj is a derivation from L}{G) to L^(G)^"^ 

By Theorem 15.61 there exists lUi G L'^(G)^"^ such that 

Mf) = f-m,-mi-f {f(^L\G)). 

In particular, for / G S^(G), Equation ()5.2p implies that for even n we have 

Z)(/)-e2 = (r,0)W (!)(/). e,) 

= ri"^A,(/) 

= /.Ti")(m,)-ri")(m,)-/, 

while for odd n we have 

e2.Z?(/) = (7,,e)W(e, •!)(/)) 

= f-9^^\m,)-9^^\m,).f. 

Take = T-^\mi) if n is even, and take = 0^'^\mi) if n is odd. Then rij G 
^^(G)^"^ for all i, and for every / G S^{G) we have, by (|5.ip . 

D(/) = hme^ . D(/) = hm/ • n, - n, • / 

Thus D is approximately inner, as required. □ 

Remark. Our construction actually provides a hounded net of inner derivations which 
approximate D, although the net of implementing elements need not be bounded. 
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6 £ -convolution algebras of totally ordered sets 

Recall that a semilattice is a commutative semigroup in which every element is idem- 
potent. The ^^-convolution algebras of semilattices provide interesting examples of 
commutative Banach algebras. However, amenability is too strong a notion for such 
algebras: if is a semilattice then the convolution algebra £^{S) is amenable if and 
only if S is finite [71 Theorem 10]. 

It is not clear to the authors exactly which semilattices have approximately amen- 
able ^^-convolution algebras. In the case where the semilattice is totally ordered we can 
do better. 

Let A be a non-empty, totally ordered set, and regard it as a semigroup by defining 
the product of two elements to be their maximum. The resulting semigroup, which we 
denote by Ay, is a semilattice. We may then form the ^^-convolution algebra £^{A\/). 
For every t S Ay we denote the point mass concentrated at t by et- The definition of 
multiplication in £^{A\/) ensures that e^et = eiiiax(s,t) for all s and t. 

Remark. One could also turn A into a semilattice A/\ by defining the product of two 
elements to be their minimum. This is in some sense more natural, for reasons we shall 
not discuss here; we have chosen to work with Ay as this fits our main example (in 
Theorem 16. 4p better. 

Theorem 6.1. Letl be any totally ordered set. Thenl^iTy) is boundedly approximately 
contractible. 

Remark. The special case of X = N or N°p was done in [12]. Our arguments are a 
more abstract version of the ones there. 

We prove the theorem in several steps. First, by following the proof of [12^ The- 
orem 5.10], it suffices to prove that l^iXy)"^ has a multiplier-bounded approximate 
diagonal, in the sense of Definition 12. 1[ Moreover, we can identify ^^(Ty)* with l^{Ty), 
where X denotes the disjoint union of X with an adjoined least element. Clearly X is 
also a totally ordered set, and so to prove Theorem 16. II it suffices to prove that 

for any totally ordered setX, £^(Xv) has a multiplier-bounded approximate 
diagonal. 

It is useful to first consider the case of a finite totally ordered set. More precisely, 
let F be a finite subset of X, and enumerate its elements in increasing order as 



min(F) = c(0) < c(l) < • 



< c{n) = max(F) 



say. We then define Ai^^ e £^(Xv)§^^ 



(2:v) by 




1) - e.c{j)) + ^c{n) ® ^cin)- 



(6.1) 



eAvr(Ai;') = e\ for ah A G F. 



(6.2) 



25 



It is also easily checked that 



CA • = AiT' • ex for ah A G F. 



(6.3) 



and thus A^? is a diagonal for the subalgebra £^{F\/) C 

Having seen how to construct a diagonal for the finite case, we now proceed to the 
general case. Let FIN be the set of all non-empty finite subsets of I, and order FIN 
with respect to inclusion, so that for any E and F in FIN, E ^ F ii and only ii E C F. 

The following result will, by the remarks above, imply Theorem 16.11 

Proposition 6.2. The net {AF)FeFiN is a multiplier-hounded approximate diagonal 



We isolate the key technical estimate as a lemma. 

Lemma 6.3. Let b F (^¥W. T/ien ||6 • Ai^ - A^ • 6|| < 6||6|| . 

Proof. By the triangle inequality and the definition of the £^-norm, we can without loss 
of generality assume that b = ex for some X £ 2. Thus it suffices to prove that 



This estimate holds trivially if F consists of only one point, so we shall henceforth 
assume that |F| > 2. 

As before we enumerate the elements of F in increasing order as c(0) < c(l) < 
. . . < c(n). We consider three possibilities. If A > c(n), then ca • A^? = ca ® ec(„) and 
Af • ca = ec(„) ® ca, so that 



and so (16. 4p certainly holds. At the other extreme, if A < c(0) then ex ■ = Ap = 
Ap ■ ex, so that (j6.4p once again holds. 

The third remaining possibility is that c(0) < A < c(n). Let 



so that 1 < m < n and c{m — 1) < A < c{m). 

When we calculate ex ■ Ap — Ap ■ ex using the formula (j6.ip . most of the terms 
cancel and we obtain 



Expanding out and using the triangle inequality gives ||eA • Aj? — Aj? • caH < 6 as re- 



for t\Xy). 



ex- Ap - Ap ■ ex\<^ for ah F e FIN. 



(6.4) 



ex - Ap - Ap ■ caII < 2, 



m = min{fc : c(A;) > A} 




quired. 



□ 
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Proof of Proposition \6.^ Fix a G £^{I\/). We have already seen in Lemma 16.31 that 
\\a ■ Ap — Ap ■ a\\ < 6||a|| for every F G FIN. Also, since 7r(Ai;') = e^^j^f^p-^, we have 

\\a7r{Ap) - a\\ < 2||a|| for every F in FIN. (6.5) 

Thus the 'multiplier-bounded' part of the defining condition (|2.1|) is satisfied. 
It remains to show that, given e > 0, there exists Fq G FIN such that 

||a7r(Ai?) — a\\ < e and \\a ■ Ap — Ap ■ a\\ < e 

for any F G FIN with F ^ Fq. 

Fix e > and choose Fq G FIN such that J2xei\Fo I^aI < and let F G FIN 
with F ^ Fq. Let d denote the obvious truncation of a to the subset F (i.e. d\ = a\ if 
X £ F and dx = otherwise). Note that \\a — d\\ < e/6. 

Since d G £^{F\/), we deduce from Equation (j6.3|) and the estimate (|6.5p that 

\\a ■ Ap — Ap ■ a\\ = \\{a — d) ■ Ap — Ap ■ (a — d)\\ < 6\\a — d\\ < e 
Finally, using Equation (16. 2p and Lemma 16.31 we obtain 

||a7r(Ai?) — a\\ = \\{a — d)iT{Ap) — (a — d)\\ < 2\\a — d\\ = e/3, 
and the proof is complete. □ 

Remark. If the set 2 is countable, then the net (Aj?)i?gFiN has a subnet which is a 
sequence (take any enumeration of T as {ti,t2, ■ ■ ■} and let A„ := Ajj^^ ^^j). So if X 
is countable then is sequentially approximately contractible. 

While sequential approximate amenability implies bounded approximate amenab- 
ility, the converse is false. This is proved by combining Theorem 16.11 with the following 
result. 

Theorem 6.4. Let A be an uncountable well-ordered set. Then -^'^(Av) is not sequen- 
tially approximately amenable. 

(Recall that a totally ordered set is well-ordered if every non-empty subset has a least 
element: well-ordered sets are precisely those ordered sets which are order- isomorphic 
to ordinals.) 

In proving Theorem 16.41 we shall use some basic facts on the character theory of 
^^(Av). It is clear that the characters on ^^(Av) correspond to the non-zero semigroup 
homomorphisms from Ay to the two-element semigroup {0, 1}; and a little thought 
gives the following characterization. 

Proposition 6.5. The characters on i^{A\/) are all of the form 1a\i/; where U is a 
proper (and possibly empty) subset of A that is upwards-directed with respect to the 
given order on A. 

Example 6.6. Take A to be the real line with its usual ordering. Then the characters 
on ^-"^(Av) are either of the form l(_oo,t) or l^.^^^^^j. 
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If [/ is a non-empty, upwards-directed subset of a well-ordered set A, then U has 
a least element, u say: hence U = {x £ A : x > u}. Thus the complements of 
upwards-directed sets are all of the form {y : y < u}. 

If A is an element of a well-ordered set and it is not maximal, then there is a unique 
minimal element greater than A, which we shall denote by A + 1. 

Notation. Let A be a well-ordered set and consider the algebra £^(Av). If A G A we 
denote by A the character 1<a- If A is maximal in A then we adopt the convention that 
A + 1 is the augmentation character Ia- 

The following is then obvious: we isolate it as a lemma for later reference. 

Lemma 6.7. Let A be a well- ordered set and let A G A. Then 

6x = X + 1 - A, 

where 6x denotes the point mass at X, regarded as an element of £^{A\j)* . 

Our proof of Theorem 16.41 uses our earlier observations on the characters of £^ (Ay ) , 
together with Lemma 12.81 Intuitively, the idea is that the Gelfand transforms of ele- 
ments in £^{A\/)0£^{A\/) are bad approximations to the indicator function of the set 
{(A, A) : A G A}, so that if A is uncountable then no countable net (A„) can have the 
properties described in Lemma l2. 81 We make this idea precise as follows. 

Lemma 6.8. Let X he an uncountable index set and let {Fn) he a countable family in 
X T)** . Then there exist uncountably many t G I such that 

{Fn, 6t St) = for all n. 

Proof. In view of the direct sum decomposition 

£i(J X J)** =1^(1x1)® Cq{1 X 1)^ 

we may write each F„ as + G„ where G„ G cq{T x X)-*-, /„ G 1^{T x T) and k is 

the natural embedding of x X) in its bidual. 
Let 

5 = U{tG J : /„(t,t)/0} 

n 

Since each has countable support., S is countable. In particular T\ 5" is uncountable, 
and for any t & S we have 

{Fn, St <S) 6t) = ifn)t,t + {Gn, St <5t) = 

as claimed. □ 

Proof of Theorem \6.4\ Suppose ^^(Av) is sequentially approximately amenable. Since 
A is an ordinal it has a least element, and consequently i^{A\/) has an identity element. 
Hence Lemma 12.81 applies and there is a sequence A„ G (^HAv)®^nAv))** such that 

(A„, (/? = 1 for all n and lim(A„, (g) x) = (6-6) 
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for every pair of distinct characters 93, x- 

By Lemma 16.81 there exists A G A such that 



(A„, (5a 5a) = for all n 

and hence by Lemma 16.71 

^ (A„,A0 A) - (A„,A® aTi) 

\ -(A„, aTi ®X) + (A„, aTi ® X + 'l) 

But by Equation (|6.6|) the right-hand side converges to 2 as n ^ 00, which is a flagrant 
contradiction. □ 

Remark. The proof just given yields something formally stronger, namely that ^"'^(Av) 
cannot have an approximate diagonal with countable indexing set. We do not pursue 
this further in this paper, chiefly because we know of no Banach algebra which has a 
countably-indexed approximate diagonal and yet has no sequential approximate diag- 
onal. 



7 Algebras of pseudo-functions on discrete groups 

Let r be a discrete group, with convolution algebra ^^(L). Given p E (l,oo) we may 
consider the left regular representation of T on P'iT), and this gives an injective con- 
tinuous algebra homomorphism 

We denote by PFpiV) the norm-closure in B{P'{r)) of the range of 9p. Note that PF2{T) 
is nothing but the reduced C*-algebra of F. 

If r is amenable, then by Johnson's theorem the convolution algebra l^iT) is 
amenable, and since amenability is inherited by closures under Banach algebra norms 
we deduce that PFpiV) is amenable; in particular the reduced C*-algebra C*(r) is 
amenable. The converse result - that amenability of C*(r) implies amenability of T 
- was proved by Bunc^ in [2]. With some modifications one can adapt his proof to 
show that amenability of any one of the algebras PFpiV) is enough to force amenability 
of r. 

In [11] it was shown that approximate amenability of the group algebra L^{G) 
implies amenability of G, by generalizing the well-known argument for amenability of 
L^{G). We shall now show that by combining arguments from and [TT] we have the 
following theorem. 

Theorem 7.1. Let T be a discrete group. Then the following are equivalent: 
(i) r is amenable; 

[ii) PFp(T) is amenable for all p G (1, cxd); 
'^It had already been shown by Lance that nucleanty of C*(r) imphes amenabihty of F. 
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(in) PFp{T) is approximately amenable for some p £ (l,oo). 
(iv) PFp{T) is pseudo-amenable for some p G (1, oo). 

As mentioned above, the implications (i) <^=^> (u) are already known, while the 
implication (ii) =^ (Hi) is trivial; the implication {Hi) =^ (iv) follows from [14^ 
Proposition 3.2] and only uses the fact that PFp(T) has an identity element. Therefore 
our contribution is to prove the implication (iv) =^ {i). Taking p = 2, our proof 
will give a slightly streamlined version of Bunce's arguments, in that we are able to 
forgo technical arguments with states on C*-algebras in favour of more basic positivity 
arguments with measures on compact spaces: that is, we can make do with commutative 
rather than noncommutative measure theory. 

Our idea is to follow Bunce's construction up to the point where he produces, from 
the assumption that C*{T) is amenable, a non-zero element p in £°°[T)* which satisfied 

p{9-f)=p{f) for an/G£-(r). 

In our setting we merely obtain a net {(pa) of functionals on £°°(T) which satisfies 

(^a(l) — > 1 and \\(pa • 9 — 4'a\\ — > for each g £ T. 

We then use this net to obtain a "genuine" invariant mean on i^(T), by following the 
last part of the proof of [ll^ Theorem 3.2]. For convenience we isolate the relevant 
argument and state it as the following lemma. 

Lemma 7.2. Let G be a locally compact group, and let T be a compact G-space on 
which G acts from the right by homeomorphisms. Equip M(T) with its usual norm, 
and regard it as a right Banach G-module. 

Suppose we have a net [ipi) of Radon measures on T which satisfies the following 
conditions: 

{i) infj \\Lpi\\ > 0; 

(u) W^pi ■ g - LfiW ^ ^ for all g e G. 

Then there exists a probability measure n on T such that n ■ g = n. 

We give the proof for sake of completeness (cf. the proof of |1H Theorem 3.2]). 

Proof. Set Hi = \\ipi\\~^ipi. The hypothesis that \\ipi\\ is bounded below then ensures 
that 

\\ni ■ g — riiW ~^ ^ for all g £ G. 

For any two Radon measures p, v onT we have \\p — > || |/i| — ||, an inequality 
which can easily be deduced from the definition of the total variation of a measure. 
Therefore, since \p ■ g\ = \p\ ■ g for any p E M(T), we have 

|||nj| • g - \ni\\\ = |||nj • g\ - \ni\\\ < ||nj • g - ni\\ 0, 

^In [2] p is described as being 'left-invariant': we adopt the opposite and more usual convention, 
and say p is right-invariant. 
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for every g & G. 

Take n to be any 'w*-cluster point of the net Since |nj|(l) = 1 for all i, we 

have n(l) = 1; and for any g (z G and / G G{T), we have 

\{n- g- n)(/)| < limsup |(|ni| • g - |ni|)(/)| = 

i 

SO that n ■ g = n for all g £ G. □ 



Proof of Theorem \7.1\ (iv) =^ (i). Our aim is to construct a right-invariant mean on 
i°°{r). To fix notation, we recah that the usual left action of T on £~(r) = £^(r)* is 
defined by 

{g • f){x) = fig-^x) for / G ^-(r) and g,x£T. 

For each g € T let Lg be the isometric, invertible operator on ^^(r) given by left 
translation, i.e. 

{Lgk){x) = k{g-^x) for all k G F(r). 
We regard PFp(T) as a subalgebra of B{£P{T)). Take r to be the functional given 

by 

T{T) = {T6e,6e) {TeBiP{T)) 

where 5e is the basis vector of ^^(r) that takes the value 1 at e and the value ev- 
erywhere else. Clearly r(/) = 1. A simple computation shows that for any a, 6 in the 
group algebra CF, we have 

T{dp{a)ep{b)) = T{ep{b)ep{a)) 

and so by continuity the restriction of r to PFp{T) defines a non-zero trace. 

Suppose that PFp(T) is pseudo-amenable. By Lemma [2771 there exists a net {^jja) 
in 5(F(r)) such that 

limVa(/) = l (7.1) 



and 



lim sup \ipa{aT - Ta)\ = for all a G PFp{T). 

" TG-B(^P{r)),||T||<l 



In particular, for any g gT we have 

\i^a{LgMLg-i)-^Pa{M)\ 

(7.2) 



sup lll^aiLgMLg-l) - 1pa{M)\ 

M£B{ep{r)),\\M\\<i 

< sup \il^a{LgT-TLg)\^0 
TGB{ep{r)),\\T\\<i 



Regard i°°(T) as an algebra with pointwise multiplication and supremum norm. 
There is an embedding of i°°{T) as a closed unital subalgebra of B{i'P{T)), defined by 
sending a bounded function / G £°°(r) to the "diagonal multiplication" operator Mj 
where 

{Mfk){x) = f{x)k{x) {k e £P{r),x eV). 
Then a direct calculation shows that 

M(g.j) = LgMf{Lg)-^ for ah / G i°°{T) and g G T. (7.3) 
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For each a define G £°°(r)* by (/>«(/) = i^a{Mf), f G £°°(r). It follows from 
Equations ([Tj]), ([721) and ([73]) that 

lim(/)a(l) = 1 

a 

and 

lim||(/>„ •5-(/>„|| = sup \4>a(.9 ■ f) - 4>a{f)\ = for all 5 G r. 

° /6f°°(r),||/||<i 

To finish we observe that i°°{T) may be identified with the space of continuous func- 
tions on a compact F-space T (namely, take T to be the Stone-Cech compactification 
of r), and hence we may identify each (p^ with a Radon measure on T. By Lemma [7.21 
there exists a positive functional n G £°°{T)* satisfying n(l) = 1 and n ■ g = n for all 
5 G r, and hence F is amenable as claimed. □ 

Specializing to the case p = 2 (i.e. the reduced C*-algebra C*(F)), we have the 
following corollary. 

Corollary 7.3. The full group C* -algebra C*(F) is approximately amenable if and 
only ifV is amenable. 

Proof. We first recall without proof some basic facts about C*(F): firstly, it is by defi- 
nition the completion of ^^(F) in a certain C*-norm; and secondly, there is a canonical 
quotient homomorphism from C*(F) onto C*(F). 

Now, suppose F is amenable: then ^^(F) is amenable. As just mentioned, the 
inclusion homomorphism ^^(F) — > C*(F) is continuous with dense range, and therefore 
C*(F) must also be amenable. 

Conversely, suppose that C*(F) is approximately amenable. By [IH Proposition 2.2], 
approximate amenability passes to quotient algebras, and so C*(F) is approximately 
amenable. Now apply Theorem 17.11 in the case p = 2. □ 

Remark. Using the fact that the canonical tracial state r on C*(F) actually extends to 
a tracial state on the von Neumann algebra VN{T), we can adapt the proof of Theorem 
l7.1l to show the following result: 

If A is a closed unital subalgebra ofVN{T), with C*(F) C A, and further- 
more A is approximately amenable, then F is amenable. 
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A Implications 

A.l General implications 



biflat 



AA 



def def def 

BAA amenable >- PsA 



def 



l2lThm2.1] def 



AC 



BAC 



def 




def 



def 



Here the counterexample (*) to 'pseudo-amenable implies pseudo-contractible' follows 
because unital pseudo-contractible algebras must be contractible |141 Theorem 2.4], 
while there are unital pseudo-amenable algebras which are not even amenable: perhaps 
the simplest example is ^"^(N, max). 



A. 2 Commutative settings 

[H Prop 3.3] 



CAI + AA 
dULem 2.2] 



PsA 



def 



comm. +PsA 



def 



comm. -|-ylA -< x comm.-|- PsC 

[SlThm 4.1] 

Here the counterexample to 'pseudo-contractible implies approximately amenable' is 
given by £"^(N) with pointwise multiplication. 



A. 3 Approximate identities 



PsA + BAI '-'l AA + BAI ^ BAA + MBAI 



BAC 



def 



BAC-hBAI 



def 



def 



BAA + BAI 
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